A study is made of stability properties of perturbations superimposed on an unstably stratified plane parallel flow with variable vertical shear.
Introduction
One of the cloud bands most frequently observed in the atmosphere is a system of long rows of cumulus clouds stretching in a general wind direction. Since Jeffrey's (1928) suggestion, a number of studies have been made both experimentally (Terada 1928 , Graham 1934 , Chandra 1938 and theoretically (Kuo 1963 , Asai 1964 and 1970 , Deardorff 1965 , Gallagher and Mercer 1965 , Ingersoll 1966 from the point of view of thermal convection in a shear flow. These studies concluded that a constant shear flow exerts a suppressing influence on convective motion in a vertical plane parallel to the basic flow in which the convection is imbedded and this is responsible for the formation of a longitudinal roll. This longitudinal roll forms a cloud band parallel to the general wind. On the other hand, Kuettner (1959 and 1967) suggested that the banded structure of clouds might be attributed to convection in heated air flows with a curved velocity profile of rather uniform direction. Kuettner's conjecture was based on observations indicating that most cloud bands line up in the direction of flow whose characteristic wind profile in the vertical has a jet-like curvature.
According to the theory of hydrodynamic instability, a plane Couette flow is stable for small perturbations of any wavenumber (Riis 1962 , Deardorff 1963 , while a shear flow with a certain velocity profile mayy be unstable for small perturbations (Rayleigh 1880) . Hence it is probable that the presence of a variable vertical shear flow in an unstably stratified fluid may affect thermal convection in the flow. The objective of this paper is to investigate the possible influence of variable vertical shear flow on a thermal convection based on a perturbation analysis.
Governing equations
Consider the flow of an unstably stratified fluid between two horizontal parallel planes. The velocity and the temperature of the flow which is parallel to the x axis are assumed to be functions of the height, z, only (Fig. 1) . Perturbations of small amplitudes are superimposed on the flow.
We shall employ a system of linearized equations has a sign opposite from the conventional one. governing the perturbations in a stratified parallel shear flow under the Boussinesq approximation.
The system of equations is also used by Asai (1970) We now assume perturbations of the form where kx and ky are the wavenumbers in the x and y directions, respectively, and U, V, W, Z, and 0 are the respective complex amplitude functions. Frequency a is generally complex and is expressed by a = ar + iai in which a positive value of ar denotes the amplification rate of an unstable perturbation. Substituting (2.6) into (2.1) to (2.5), we obtain where k2 = kx2 + ky2. Since a constant temperature lapse rate was assumed, -dT/dz was taken to be unity in (2.8).
We assume that both the upper and lower boundary planes are fixed and smooth and maintain constant temperature, i.e., Equations (2.7) to (2,11) and the boundary conditions (2.12) are transformed to a set of algebraic equations by approximating the derivatives of the variables with respect to z by finite differences. First, a frequency equation is derived from the finite difference versions of (2.7) and (2.8) subject to the condition of a nonzero value for W and 0.
Then Z can be obtained by solving (2.9) and U and V can be determined from (2.10) and (2.11). The numerical method for solving (2.7) to (2.11) under the boundary conditions (2.12) is the same as that employed in the previous paper (Asai 1970) . The numerical calculations in the present paper were performed by making use of a 20-layer representation which was able to provide accurate enough solutions to investigate stability properties of perturbations of the inertial as well as the thermal type.
Vertical profiles of the basic flow
Since Helmholtz (1868) discussed stability of a plane parallel flow, a number of people have made fundamental studies of hydrodynamic stability of a parallel flow of inviscid, homogeneous and incompressible fluid.
It was proved that when an unstable perturbation exists, a vertical profile of the basic flow i(z) must have a point of inflection somewhere in the layer (Rayleigh 1880 ) and this condition is sufficient to produce instability in symmetric velocity profiles of the basic flow (Tollmien 1935) . It was also shown that the phase velocity of an unstable perturbation must lie within the range of velocity of the basic flow (e.g, Howard 1961) .
A study of stability of parallel flow has been extended to a heterogeneous fluid by many workers (Kelvin 1871 , Taylor 1931 , Goldstein 1931 , Drazin 1958 , Miles 1961 , Howard 1961 . However, their concerns are primarily with stable stratification, and hence the heterogeneity acts as a stabilizing factor. A variable shear flow in unstably stratified fluid will provide a situation in which two different mechanisms of instability may coexist.
Then the following profiles of velocity are chosen as the basic flow to be studied :
The form (3.1) represents profiles of the basic flow symmetric about the midlevel z=1/2 which have a maximum value of 1/2 and vanish both at the top and the bottom. When n=1, (3.1) gives a parabolic profile such as a plane Poiseuille flow. As n increases, a jet-like profile having inflection points becomes sharp. Here we do not refer to any mechanism maintaining the basic flow with such a profile. Figure 1 shows the profiles of n = 2 (a), n =1(b), and a constant shear (c) for comparison.
Circles on the profile (a) indicate the inflection points. Fig. 1 , respectively. In these cases Ra=104 and kx = ky were assumed. The Prandtl number Pr is assumed to be unity unless specifically stated otherwise.
The neutral stability curve labeled zero in each case separates an unstable domain from a stable one. Amplification rates of unstable perturbations are denoted in units of 10-x by solid lines. Dash-dotted lines indicate the maximum amplification rate. The dotted line in Fig. 2(c) separates a longer stationary unstable perturbation traveling at the mean velocity of the basic flow from a shorter transitive one propagating at a velocity different from the former (see Asai 1970) . As is seen from Fig. 2 , the unstable domain in case (a) may be divided into two portions having Counterparts of the former instability domain are observed in both cases (b) and (c). However, no instability domain corresponding to the latter can be seen in either (b) or (c). It appears that the former is caused by thermal instability modified by a shear flow and the latter is attributed essentially to inertial instability associated with the shear flow having a point of inflection in its velocity profile. For the sake of convenience, the former will hereafter be referred to as thermal instability, while the latter will be called inertial instability.* Before discussing detailed properties of each unstable perturbation, we will investigate the characteristics of the instability in case (a). Figure 3 shows variation of amplification rate with the Rayleigh number Ra and the Reynolds number Re for case (a) in which kx = ky = 2 i s assumed.
* Inertial instability in general implies the instability in which the form of energy transferred between the steady state and the disturbance is kinetic energy. More specifically, here it might be called "inflection -point" instability. However, since no possible confusion is introduced in this paper, the general term "inertial" instability is used to distinguish from the gravitational instability which is referred to as the thermal instability.
The corresponding Richardson numbers are inserted in the diagram by slanting dashed lines. Amplification rates are shown by solid lines. Again it is seen in Fig. 3 that an unstable domain may be divided into two parts by the dotted line which denotes a minimum amplification rate for a given value of Ra. The borderline between these two parts lies within the range of 10-1 to 10-2 of Ri for values of Ra ranging from 103 to 105. These domains apparently correspond, respectively, to the thermal instability and the inertial instability defined above.
As for the thermal instability, the lowest Rayleigh number at which instability sets in tends to about 700 as the value of Re decreases. This shows good agreement with the lowest Rayleigh number 712 derived from Rayleigh's (1916) theory of Benard convection (Re = 0) which gives (~2 + k2) 3/k2 as the lowest value of Ra for a given wavenumber k. In the domain of the thermal instability, the amplification rate decreases and the lowest value of Re increases with increasing Re.
It is evident that the variable shear flow exerts a suppressing influence on the thermal instability and the resulting development of thermal convection regardless of the presence of a point of inflection in the velocity profile of the flow. The other type of instability, i.e., inertial instability, appears when Re exceeds a critical value, about 300 for the present case, in spite of a lower Ra than the critical value, or even a negative value of Ra for which the stratification is stable (not shown here). It is obvious that the instability is not primarily of the thermal type but of the inertial type. A remarkable difference between the thermal and the inertial instabilities is found in the phase velocity of their perturbations as well. Figure 4 shows variations of the phase velocity in the x direction of the perturbation of kx =k=2, y c = --rj/kx, with the value of Ri for Ra =103, 104, and 105, respectively, shown by solid lines. The variations of amplification rates with Ri are also shown in Fig. 4 by broken lines. As shown in Fig. 4 , phase velocities of unstable perturbations change their values very sharply around Ri =10-1 which separates the thermal instability from the inertial one.
Unstable perturbations of the thermal type travel at a velocity of 0.25 which is nearly equal to the mean velocity of the basic flow averaged over the entire layer (0.27), while unstable perturbations of the inertial type prop- agate at a velocity of 0.15 which is smaller than the velocity of the basic flow at the inflection point in its velocity profile (0.22). Based on the findings obtained above, we can conclude that a variable shear flow, as well as a constant shear flow, has an inhibiting influence on thermal instability and the resulting development of thermal convection which is imbedded in the flow. Further, for a very small Richardson number another type of instability may appear which is associated essentially with the inertial instability. In addition, it was shown that two different types of instability which may develop in an unstably stratified shear flow can be distinguished from each other in terms of the Richardson number.
Unstable perturbations of thermal and inertial types
Now we will examine in more detail the dynamical features of unstable perturbations caused by different mechanisms of instability. In order to clarify the energy conversion processes involved in unstable perturbations as well as their structures, the pertinent energy equation is represented in dimensionless form as follows : which is derived from the perturbation equation of motion with the aid of the continuity equation and the boundary conditions. The terms in (5.1) are :
Here F8= (OrWr+E W2) and Fu= (UTWr + UZWi), and the subscripted variables Ar and Ai denote the real and imaginary parts of A, respectively, where A stands for U, W, and 0. Then the ratio between the two conversion terms is and K' is the kinetic energy of perturbation, K is the kinetic energy of the basic flow, P is the potential energy, and they are defined as The x, y, and z components of perturbation vorticity are denoted by*'*' and *', respectively. Angular brackets < > denote an average over one wavelength in the x and y directions, respectively, and the entire depth of the layer concerned. As is well known, the first term on the right-hand side of (5.1) represents the conversion of potential energy to the kinetic energy of perturbation, the second term indicates the transformation of the kinetic energy of the basic flow to that of the perturbation, and the last term expresses dissipation due to viscous friction.
By making use of (2.6), (5.2) and (5.3) yield First, let us look at the structures of unstable perturbations in case (a). Figure 5 shows the vertical profiles of an unstable perturbation of the thermal type of Ri =1 and of the vertical fluxes of heat and momentum due to the perturbation, while Fig. 6 shows those of an unstable perturbation of the inertial type of Ri=10-4.
Both of them are for Ra =104 and kx =k y = 2. Amplitudes as well as phase angles of the temperature, the vertical velocity and the x component of velocity are denoted by solid, broken, and dash-dotted lines, respectively. Vertical transport of heat and momentum, Fe and Fu, are shown by solid and broken lines, respectively. As seen in Fig. 5 , the maximum amplitude of temperature, as well as that of vertical velocity, is located at the midlevel, and differences in their phase angles are rather small throughout the depth of the layer. This results in an effective upward transport of heat Fig. 5 . Vertical structure of an unstable perturbation of the thermal type (Ri=1) for case (a): (1) amplitudes normalized so that the maximum amplitude of temperature is unity, (2) phase angles of temperature (solid), vertical velocity (broken), and x component of velocity (dash-dotted), respectively, and (3) vertical fluxes of heat, 2F0 (solid) and of horizontal momentum u, 2Fu (broken). This is for Ra=104 and kx=ky=2. as shown in Fig. 5(3) . A sharp shift in the phase angle of u at the midlevel is out of phase with w in the lower half layer and in phase with w in the upper half layer so that vertical transport of horizontal momentum results in transforming the kinetic energy of the basic flow to that of the perturbation.
Essentially, those characteristics are similar to those of the corresponding stationary unstable perturbation in a constant shear flow.
One of the most remarkable features in Fig. 6 is the temperature profile split into two maximum amplitudes which are located around the points of inflection of the basic flow in the upper and the lower parts of the layer, respectively. Furthermore, except for two thin restricted layers around the points of inflection, phase angles of the temperature differ from those of the vertical velocity by as much as it/2. This greatly reduces the amount of upward transport of heat as shown in Fig. 6(3) . As for the momentum transport, we can observe a feature similar to that in values of Ri. These are for case (a), and again Ra =104 and k=2-%/ 2 are assumed.
The most significant feature in Fig. 7 is the presence of two different types of variation of the amplification rate. One amplification rate is the type which increases with increasing ky/kx as observed for larger values of Ri corresponding to perturbations of the thermal type. This feature is the same as that indicated by Asai (1970) for the unstable perturbations in a constant shear flow. However, transverse perturbations still remain unstable despite a decrease of Ri. Further reduction of the Richardson number beyond a certain value leads to the other type of variation, that is, the amplification rate of a perturbation decreases with an increase in ky/kx. Hence it is concluded that a preferred perturbation of the thermal type is of a longitudinal mode, while a transverse perturbation is a preferred mode for unstable perturbations of the inertial type. Thus an unstable perturbation of inertial origin follows Squire's (1933) theorem stating that most unstable wave components in a shear flow are twodimensional along the flow.
We should note here that some transitional types of amplification rate variation with ky/kx appear for intermediate values of Ri, such as 10-1 and 10-2 in Fig. 7 . The amplification rate of unstable perturbations of the inertial type (e.g., Ri =10-2) which decreases with increasing ky/kx again regains its value for further increase of ky/kx when Ra is higher than the lowest Ra for the wavenumber, but remains lower than that of the pure transverse mode.
Effect of variable shear on thermal convection
Finally, our attention is focused on the influence of variable shear of the basic flow on perturbations of thermal origin which may be of primary importance for thermal convection.
Figure 8 shows variations of amplification rate and phase velocity relative to the mean basic flow with the horizontal wavenumber of a perturbation by solid and broken lines, respectively, for different profiles of the velocity of the basic flow, i.e., cases (a), (b), and (c). Here kx=ky is assumed. Variations of amplification rate and energy conversion ratio <K, K'>/<P, K'> with the wavenumber ratio ky/kx are shown by solid and broken lines, respectively, for the case of k=2 in Fig. 9 . Both Figs. 8 and 9 are for the case of Ra =104 and Ri =1 which yields unstable perturbations of the thermal type.
As seen in Fig. 8 , an unstable perturbation in the constant shear flow (c) reduces its amplification rate more than that in a variable shear flow, and the reduction is much more striking for Here Ra =104, Rz =1, and kx=ky are assumed. Fig. 9 . Variations of the amplification rate o r (solid line) and of the energy conversion ratio <K, K'>/<P, K'> (broken line) with the wavenumber ratio ky/kx for different velocity profiles of the basic flow and for k=2. Others are the same as Fig. 8 . Tomio Asai 137 in every case, however, that a most unstable perturbation travels at the velocity of the basic flow averaged over the entire depth of the layer. Figure 9 shows that a shear flow plays an inhibitive role on a transverse perturbation of the thermal type, and the stabilizing effect is conspicuous for the constant shear flow among the three cases. It is also observed in Fig. 9 , as well as in Fig. 8 , that there is little difference between (a) and (b).
The preference for longitudinal perturbations of the thermal type is primarily affected by a constant shear flow. Conversion of kinetic energy of the basic flow to that of the perturbation in longitudinal modes reverses in transverse perturbations for case (b) as well as case (c). However, no transition takes place for case (a).
Conclusions
An investigation was made of stability properties of a vertically variable shear flow in an unstably stratified fluid layer.
A system of perturbation equations under the Boussinesq approximation was solved numerically employing a finite difference approximation technique. A primary concern of this study is to clarify the possible influence of a variable shear flow on a thermal convection which is imbedded in the flow.
The results obtained in the preceding sections are summarized as follows :
1. Unstable perturbations of two different mechanisms may exist, each of which can be distinguished rather distinctly from the other in terms of the Richardson number.
The critical value of the Richardson number lies within the range of 10-1 to 10-2. One instability, occurring with larger values of R,, is of the thermal type which leads to thermal convection modified by the shear flow. The other is of the inertial type (for smaller values of R,) which is related to the property of the velocity profile of the basic flow.
2. A variable shear flow exerts an inhibiting influence on the thermal instability of transverse perturbations, as does a constant shear flow. The suppressing influence of a variable shear flow on thermal convection is weaker than that of a constant shear flow when the same Richardson number is taken for both cases.
3. A three-dimensional longitudinal mode is most favorable for development of perturbations of the thermal type. On the other hand, an instability of the inertial type is most effective for two-dimensional transverse perturbations along a vertical plane parallel to the basic flow following Squire's theorem.
Some additional examinations for sharper jetlike velocity profiles [n>2 in (3.1)] and for antisymmetric velocity profiles, such as hyperbolic tangent distribution, seem to require no revision of the main conclusion described here.
Remarks
In the present study we adopt smooth boundary conditions at both the upper and the lower boundaries, d2W/dz2 = 0. If the rigid boundary condition dW/dz=0 is used instead of the smooth boundary condition, another different type of instability may be observed in cases (a) and (b). This is a kind of boundary layer instability, the so-called Tollmien-Schlichting instability, generated close to the boundary.
The stability of parallel flow of viscous fluid has been studied by Heisenberg (1924) , Tollmien (1929) , Schlichting (1933) , Lin (1945) , and others in conjunction with the stability of a Poiseuille flow and a laminar boundary layer flow. It is then shown that a viscous parallel flow may be unstable in spite of no inflection point in its velocity profile for a certain range of Reynolds number.
Stability of stratified plane Poiseuille flow was discussed by Gage and Reid (1967) . Much finer grids will be required for representing Tollmien-Schlichting instability when the present numerical method of finite differencing is employed. This aspect will be discussed in a separate paper.
